ABSTRACT. Given an action of a complex reductive Lie group G on a normal variety X, we show that every analytically Zariski-open subset of X admitting an analytic Hilbert quotient with projective quotient space is given as the set of semistable points with respect to some G-linearised Weil divisor on X. Applying this result to Hamiltonian actions on algebraic varieties, we prove that semistability with respect to a momentum map is equivalent to GIT-semistability in the sense of Mumford and Hausen. It follows that the number of compact momentum map quotients of a given algebraic Hamiltonian G-variety is finite. As further corollary we derive a projectivity criterion for varieties with compact Kaehler quotient.
INTRODUCTION AND STATEMENT OF MAIN RESULTS
Based on the fundamental work of Guillemin-Sternberg [GS82] , Kirwan [Kir84] , Mumford, and others, momentum geometry has become one of the most important tools for studying actions of complex-reductive Lie groups G = K C on complex spaces. Given a Kählerian holomorphic G-space and a momentum map µ : X → Lie(K) * with respect to a K-invariant Kähler form ω, the set of µ-semistable points X(µ) := {x ∈ X | G • x ∩ µ −1 (0) = ∅} admits an analytic Hilbert quotient, i.e., a G-invariant holomorphic Stein map π : X(µ) → X(µ)/ /G onto a Kählerian complex space X(µ)/ /G with structure sheaf O hol
) G , see [HL94] , [HHL94] , and [Sja95] . If X is projective algebraic, and if the Kähler form ω as well as the momentum map µ are induced by an embedding of X into some projective space, both the set X(µ) of semistable points and the quotient X(µ)/ /G can also be constructed via Geometric Invariant Theory (GIT). In particular, the complex space X(µ)/ /G is projective algebraic, and the map π : X(µ) → X(µ)/ /G is a good quotient in the sense of GIT, cf. [MFK94] .
However, already on projective manifolds there exist many Kähler forms which do not arise as curvature forms of ample line bundles. From the point of view of complex and symplectic geometry it is therefore natural to study also the semistability conditions induced by these forms and their relation to the algebraic geometry of the underlying G-variety. Furthermore, especially when studying questions related to the variation of GIT quotients and applications, e.g. to moduli problems, one encounters interesting phenomena related to non-integral Kähler forms, even if one is a priori interested in ample line bundles. See [Sch00] for an example related to moduli spaces of semistable sheaves on higher-dimensional projective manifolds. The above discussion motivates the following definition: an algebraic Hamiltonian G-variety is a complex algebraic Gvariety X together with a (not necessarily integral) K-invariant Kähler form ω and a K-equivariant momentum map µ : X → Lie(K) * with respect to ω.
Under certain mild assumptions on the singularities, it was shown in [Gre08a] that compact momentum map quotients of algebraic Hamiltonian G-varieties are projective algebraic and that the corresponding sets of semistable points are algebraically Zariski-open. This already is quite remarkable in view of examples of compact nonprojective geometric quotients of smooth projective algebraic C * -varieties constructed by Białynicki-Birula andŚwi ' ecicka [BBŚ89] .
In this paper we show that momentum map quotients of algebraic Hamiltonian Gvarieties have even stronger algebraicity properties and we give an essentially complete picture of the relation between momentum geometry and Geometric Invariant Theory for Hamiltonian actions on algebraic varieties. We conclude this introduction with a summary of the main results and an outline of the paper.
Theorem 1.1 (Algebraicity of momentum map quotients). Let G = K C be a complex reductive Lie group and let X be a G-irreducible algebraic Hamiltonian G-variety with at worst
1-rational singularities. Assume that the zero fibre µ −1 (0) of the momentum map µ : X → Lie(K) * is nonempty and compact. Then
(1) the analytic Hilbert quotient X(µ)/ /G is a projective algebraic variety, (2) the set X(µ) of µ-semistable points is algebraically Zariski-open in X, (3) the map π : X(µ) → X(µ)/ /G is a good quotient, (4) there exists a G-linearised Weil divisor D (in the sense of [Hau04]) such that X(µ) coincides with the set X(D, G) of semistable points with respect to D.
Parts (1) and (2) are already contained in [Gre08a] , and we have included them here in order to convey a complete picture of the situation; the main contribution of this paper is part (3). Theorem 1.1 generalises results proven by Heinzner and Migliorini [HM01] for smooth projective Hamiltonian G-varieties to a singular, non-projective and noncompact setup. Note that Theorem 1.1 applies in particular to Hamiltonian G-varieties with proper momentum map.
A variety or complex space X is said to have only 1-rational singularities, if for any resolution of singularities f : X → X the sheaf R 1 f * O X vanishes. The class of complex spaces with 1-rational singularities is the natural class of singular spaces to which projectivity results for Kähler Moishezon manifolds generalise, cf. [Nam02] . Furthermore, it is stable under taking good quotients (in the algebraic category [Gre09a] ) and analytic Hilbert quotients (in the analytic category [Gre09b] ).
In Section 11 we construct a Kählerian non-projective proper algebraic surface, see Example 11.3, which shows the necessity of the assumption on the singularities in Theorem 1.1. To the author's knowledge this surface is the first example of a Kählerian non-projective proper algebraic variety in the literature.
Theorem 1.1 above is deduced from the following main result of this paper:
Theorem 1.2. Let G be a complex reductive Lie group, let X be a G-irreducible normal algebraic G-variety, and let U ⊂ X be a G-invariant analytically Zariski-open subset of X such that the analytic Hilbert quotient π : U → U/ /G exists. If U/ /G is a projective algebraic variety, then
(1) the set U is algebraically Zariski-open in X, (2) the map π : U → U/ /G is is a good quotient.
In fact, large parts of the statement of Theorem 1.2 still hold under the weaker assumption that that the quotient U/ /G is a complete algebraic variety as will become clear in the following outline of its proof.
As a first step we prove in Section 6:
Theorem (Openness Theorem). Let G be a connected complex reductive Lie group and let X be an irreducible normal algebraic G-variety. Let U be a G-invariant analytically Zariskiopen subset of X such that the analytic Hilbert quotient π : U → U/ /G exists. If U/ /G is a complete algebraic variety, then U is Zariski-open in X.
The main tool used in this section is the Rosenlicht quotient of X by G, cf. Section 3.1. A similar result has been proven by the author for Hamiltonian G-varieties and projective quotient spaces in [Gre08a, Thm. 2].
As a second step we prove algebraicity of the quotient map in Section 7:
Theorem (Algebraicity Theorem). Let G be a connected complex reductive Lie group, let X be an irreducible normal algebraic G-variety, and let U be a G-invariant Zariski-open subset of X such that the analytic Hilbert quotient π : U → Q exists. If Q is a complete algebraic variety, then the quotient map π is algebraic.
This result is new even for Hamiltonian actions and quotients of semistable points with respect to some momentum map. For the proof we construct an algebraic family of compact cycles from the group action and investigate the interplay between the associated map (to an auxiliary Rosenlicht quotient) and the quotient map π.
Section 8 is devoted to the study of coherence properties of sheaves of invariants: In the final section we discuss how the results proven here fit into the general picture of Geometric Invariant Theory, momentum geometry, and their usage in the study of reductive group actions.
In an appendix we prove a technical result about the Luna stratification used in the proof of Theorem 7.1. 
An analytic Hilbert quotient of a holomorphic G-space X is unique up to biholomorphism once it exists, and we will denote it by X/ /G. It has the following properties (see [HMP98] and [HH99] ):
(1) Given a G-invariant holomorphic map φ : X → Z to a complex space Z, there exists a unique holomorphic map φ : 
For a G-invariant closed complex subspace A of X, which is defined by a Ginvariant sheaf I A of ideals, the image sheaf (π * I A ) G endows the image π(A) in X/ /G with the structure of a closed complex subspace of X/ /G. Moreover, the restriction of π to A is an analytic Hilbert quotient for the action of G on A.
It follows that two points x, x ′ ∈ X have the same image in X/ /G if and only if
Prop. 2.3 and 2.5]) and hence, the stabiliser G x of x in G is a complex reductive Lie group by a result of Matsushima [Mat60] .
If X is a Stein space, then the analytic Hilbert quotient exists and has the properties listed above (see [Hei91] and [Sno82] ).
Motivated by the above, we introduce the following notation: if X is a holomorphic G-space and A is a G-stable subset of X, then we set
of A in X (with respect to the G-action).
If the context is clear, we will sometimes omit the superscript. If the analytic Hilbert quotient π : X → X/ /G exists and if A is a G-invariant analytic subset of X, the results summarised in the previous paragraphs imply that S X G (A) = π −1 (π(A)). A geometric quotient for the action of an algebraic group G on a variety X is a surjective regular map p : X → Y having the following properties:
(1) For all x ∈ X, we have 
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In Figure 1 the Rosenlicht set U R is the complement of the fat point and the thick line. Note that for two distinct points p 1 , p 2 ∈ U R /G and for the corrresponding disjoint orbits
In greater generality, it has been shown by Rosenlicht [Ros56] Assume now that the G-action on X admits an analytic Hilbert quotient π : X → X/ /G. With the help of the above, we define an equivalence relation on the points of X/ /G: two points p, q ∈ X/ /G are defined to be equivalent if the uniquely defined closed orbits G • x and G • y in π −1 (p) and π −1 (q), respectively, have the same orbit type. If H is a representative of a conjugacy class of reductive subgroups of G, we denote the corresponding equivalence class by (X/ /G) (H) .
The following proposition generalises a result of Luna [Lun73] from the algebraic to the analytic category. The smooth analytic case is also handled in [Sja95] . 
3.4. Reduction to the case of connected groups. The following considerations will allow us to restrict our attention to action of connected groups in the proof of Theorem 1.2. 
Here, π C is the algebraic Hilbert quotient for the induced action of the finite group
Since X is assumed to be normal, the irreducible components of U are disjoint. The connected component G 0 of the identity of G stabilises each irreducible component. Observe that the restriction of π G 0 to any of the irreducible components
, is an analytic Hilbert quotient. As an analytic subset of U/ /G 0 , the quotient U j / /G 0 is likewise a projective algebraic variety. Furthermore, note that
Zariski-open and dense in X j . It follows that U is Zariski-open and dense in X. Again by assumption, each π j is a good quotient. It follows that π G 0 is a good quotient. It is a classical result that the quotient of a projective variety by a finite group is a good quotient. As a consequence π is an algebraic Hilbert quotient.
EMBEDDING HOLOMORPHIC G-SPACES
In this section we shortly discuss the second main result of [Gre08a] as well as those technical parts of the proof that will be important for our study here.
The following "Algebraicity Theorem" states that on a given complex G-space with projective algebraic quotient there exists an essentially unique algebraic structure making the group action algebraic and the quotient a good quotient in the sense of GIT.
Theorem (Algebraicity Theorem, Thm. 3 of [Gre08a] 
Let V be a finite-dimensional G-module, and let L be the locally free sheaf associated with an ample line bundle L on X/ /G. Then, for any m ∈ N, the sheaf V ⊗ π * L ⊗m is the sheaf of sections of a holomorphic G-vector bundle over X. Invariant sections of this bundle can be used to construct linearly equivariant maps on X by the following 
The proof of the Algebraicity Theorem in [Gre08a] shows that given an ample line bundle L on Q there exist finitely many
of the maps provided by Lemma 4.1 yields a G-equivariant holomorphic embedding of X into V (Embedding Theorem, Thm. 8.6) with Zariski-closed image Ψ(X) (Thm. 9.3). Furthermore, the good quotient of the natural G-action on Ψ(X) exists and Ψ(X)/ /G is naturally biregular to X/ /G.
Remark 4.2.
In contrast to many of the results proven in this paper, the Algebraicity Theorem discussed above heavily relies on the assumption on the projectivity (and not just completenes) of the quotient Q. The assumption is mainly used to construct sections of π * (V j ⊗ π * L ⊗m j ) G using Serre vanishing for the ample bundle L.
MEROMORPHIC FUNCTIONS ON ANALYTIC HILBERT QUOTIENTS
In this section we study the function fields of analytic Hilbert quotients. In particular, we study conditions under which invariant meromorphic functions on X descent to the quotient X/ /G.
Meromorphic functions and meromorphic graphs.
We denote the sheaf of germs of meromorphic functions on a not necessarily reduced complex space X by M X . Let f ∈ M X (X) be a meromorphic function on X. The sheaf of denominators of f is the sheaf
We define the polar variety of f to be the closed complex subspace defined by D ( f ) and denote it by P f . The polar variety is the smallest subset of X such that f is holomorphic on X \ P f .
We will describe meromorphic functions via their graphs, see Proposition 5.1 below. Consider a closed complex subspace Γ ֒→ X × P 1 and denote the canonical projection
Clearly, the graph of a holomorphic function f ∈ H X (X) is a holomorphic graph at every point p ∈ X. A closed complex subspace Γ ֒→ X × P 1 with canonical map σ : Γ → X is called a meromorphic graph over X, if there exists an analytic set A ⊂ X with the following properties:
(1) A and σ −1 (A) are analytically rare, (2) Γ is a holomorphic graph outside A.
Recall that an analytic subset Z in a complex space X is called analytically rare if for every open subset U of X the restriction map 
Descent of invariant meromorphic functions.
The following is one of the main technical tools used in the sequel.
Proposition 5.2. Let G be a complex reductive Lie group and let X be a holomorphic G-space with analytic Hilbert quotient
Proof. The map Π := π × id P 1 : X × P 1 → Q × P is an analytic Hilbert quotient for the action of G on X × P 1 induced by its action on the first factor. Let F ∈ M X (X) G be as in the claim and let Γ ֒→ X × P 1 be its graph. Endow Γ := Π(Γ) ⊂ Q × P 1 with the canonical complex structure, cf. Section 2.2, such that Φ := Π| Γ : Γ → Γ is an analytic Hilbert quotient.This leads to the following commutative diagram:
The analytic subset π(|P|) ⊂ Q is analytically rare. Furthermore, by assumption, Γ is a holomorphic graph over Q \ π(|P|). To establish the claim it suffices to show that the set σ
and from the fact that the latter set is analytically rare in Γ by assumption.
Corollary 5.3. Let X be a reduced G-irreducible holomorphic G-space with analytic Hilbert quotient
Proof. We have to find P as in the statement of Proposition 5.2. Set E := π −1 (π(X \ X gen )) and X s := X \ E. It follows from the existence of x 0 that E is a nowhere dense analytic subset of X. Note that X s is π-saturated in X and that the restriction of π to X s is a geometric quotient for the G-action on X s , cf. [Gre08a, Lem. 3.4]. It follows that P := E ∪ π −1 (π(P f )) is a nowhere dense saturated analytic subset of X and hence analytically rare in X. Furthermore, f | X\P ∈ H X (X \ P) by construction. Hence, the claim follows from Proposition 5.2. 
Part II. Proof of the main result
In this part, we prove Theorem 1.2. We have separated three preliminary steps from the main argument. These are given in Sections 6, 7, and 8, respectively. The proof of Theorem 1.2 is then given in Section 9.
Due to Lemma 3.3 we may assume that G is connected throughout this part. Furthermore, we assume that U is non-empty. For an analytic subset A of X we set A ss := A ∩ U.
THE SET U IS OPEN IN THE ZARISKI-TOPOLOGY
In this section, we will prove the following result:
Theorem 6.1 (Openness Theorem). Let G be a connected complex reductive Lie group and let X be an irreducible normal algebraic G-variety. Let U be a G-invariant analytically Zariskiopen subset of X such that the analytic Hilbert quotient
6.1. Generic closed orbits. Recall that for an irreducible algebraic G-variety X, we have defined
The behaviour of a quotient π : X → X/ /G is particularly easy to control if the generic G-orbit is closed in X. The following result allows to reduce some considerations to this situation. Proof. We argue by induction on the dimension of X. If dim X = 0, there is nothing to prove. In the general case, if X gen contains an orbit that is closed in U, we are done. So we can assume that all closed orbits of U lie in
6.2. Proof of Theorem 6.1. We start by studying the case where the generic G-orbit is closed in U.
Proposition 6.3. Let G be a connected complex reductive Lie group, let X be an irreducible algebraic G-variety, and let U ⊂ X be a G-invariant analytically Zariski-open subset of X such that the analytic Hilbert quotient π : U → Q exists. Assume that Q is a complete algebraic variety and that U ∩ X gen contains an orbit that is closed in U.

If V R is any Rosenlicht subset of X, then U ∩ V R contains a G-invariant Zariski-open (Rosenlicht) subset U R of V R consisting of G-orbits that are closed in U such that there exists an open algebraic embedding ı : U R /G ֒→ Q making the following diagram commutative:
In particular, the quotient map π : U → Q extends to a rational map X Q.
Proof. Let V R be any Rosenlicht set of X and let p : V R → V R /G be the quotient map. Without loss of generality we can assume that V R /G is affine. Our first aim is to show that V R /G is birational to Q. By Corollary 5.3, the restriction 
This set is non-empty, analytically Zariski-open, and π-saturated in U. Since U contains a closed orbit of generic orbit dimension and since Q is complete, U R is mapped to a non-empty Zariski-open subset of Q, as a consequence of GAGA, see [Gro71, XII.4.] . Therefore, ϕ is generically one-to-one, hence birational. Let ı := ϕ −1 : V R /G Q. Without loss of generality, V R /G coincides with the set where ı is an isomorphism onto its image. It follows that ı : V R /G ֒→ Q is an open embedding. We obtain the following commutative diagram Let W be an irreducible Sumihiro neighbourhood of a point x ∈ A and let ψ : W → P(V) be a G-equivariant embedding of W into the projective space associated with a rational G-representation V. Let Z be the closure of ψ(W) in P(V). Given a Rosenlicht subset U R of Z as in Proposition 3.1, Lemma 6.3 of [Gre08a] 
In the first case, we are done, since X is algebraic in X. In the second case, we notice that X ss is analytically Zariski-open and G-invariant in X, that X ss / /G = π( X ss ) ⊂ Q is a complete algebraic variety by GAGA [Gro71, Thm. XII.4.4], and that the existence of Sumihiro neighbourhoods is inherited by X ss . We proceed by Noetherian induction.
Proof of Theorem 6.1. Using Proposition 6.5 it suffices to note that, since X is assumed to be normal and G to be connected, every point in X has a Sumihiro neighbourhood, cf. Section 3.2.
The following examples show that completeness of the quotient is a necessary assumption for Theorem 7.1: Example 6.6. Let X = C 2 , and let Φ be the non-algebraic, holomorphic automorphism of C 2 given by (z, w) → (w, e z − w). Then, setting U := C 2 \ {e w − z = 0} and Y := C 2 \ {w = 0}, the map Φ induces a biholomorphic map ϕ : U → Y. Note that Y is an algebraic variety and that ϕ is an analytic Hilbert quotient for the action of the trivial group on U ⊂ C 2 .
In the previous example, the set U was analytically, but not algebraically Zariski-open. The following example shows that, even worse, the complement of U in X can have non-empty interior if we drop the completeness assumption.
Example 6.7. Consider again X := C 2 and let U ⊂ C 2 be a so-called Fatou-Bieberbach domain, a proper (metrically open) subdomain of C 2 admitting a biholomorphic map ϕ : U → C 2 (these domains arise in holomorphic dynamics; for concrete examples, see [MNTU00, Ex. 6.3.2]). Then, we note that again ϕ is an analytic Hilbert quotient for the action of the trivial group on U ⊂ X.
ALGEBRAICITY OF THE QUOTIENT MAP
The aim of this section is to prove the following result. 7.1. The principal Luna stratum. Since the quotient map is a priori holomorphic, it sufffices to show that it extends to a rational map π : X U/ /G. Hence, it is enough to understand the behaviour of π on an algebraically Zariski-open subset of U. We will use the principal stratum of the Luna stratification for this purpose. 
The proof of the following result strongly resembles the proofs of the results in Section 6, and has therefore been deferred to Appendix A.
Lemma 7.3. Under the assumptions listed above, π −1 (S) is Zariski-open in X.
7.2. Proof of Theorem 7.1. In the course of the proof of Theorem 7.1 we will construct a "well-defined family of compact algebraic cycles" from the orbits of the group action on X. Since the definition of "algebraic family" is technically involved (Definition I.3.10 and Definition I.3.11 of [Kol96] ), we have chosen to state only the following simplified version of a criterion by Kollár which will be used in our proof. We will furthermore apply the following result of Hausen. Proof of Theorem 7.1. Since we are only interested in the behaviour of π on a Zariskiopen subset of X, due to Proposition A.2, we may assume in the following that X = U = π −1 (S).
Consider the following algebraic map defined by the G-action on X:
and let R := Ψ(G × X) be the corresponding orbit relation in X × X. Since G is connected and X is irreducible, its closure R is a closed (G × G)-invariant irreducible subvariety of X × X. Let π 1 , π 2 : X × X → X be the canonical projections to the first and second factor, respectively. Since π 2 is G-equivariant and surjective, there exists a non-empty
We will show that there exists a Zariski-open G-invariant subset U ′ of U such that the restriction of π to U ′ is a regular map.
First, we consider the intersection of fibres of π 2 | R with the subvariety Y. By Lemma 7.2, the closure of every G-orbit in X = π −1 (S) intersects Y = Y ss in a unique closed Gorbit G • y with stabiliser G y that is conjugate to the minimal isotropy group H in G. We set 
Since Γ ′ is irreducible, since U is smooth, and since there exists a constant k ∈ N such that dim G • y equals k for all y ∈ Y, Theorem 7.4 implies that the graph Γ ′ defines a well-defined algebraic family of compact k-cycles in Y ′ parametrised by U . As a consequence we obtain a G-invariant regular map ψ :
Let U R be a Rosenlicht subset of Y ′ contained in Y ′ constructed as in Proposition 3.1. Clearly U R is also a Rosenlicht subset of Y. Note that due to the assumption X = π −1 (S), the quotient X/ /G can no longer assumed to be complete. However, by considering the closure Y of Y ′ in X, we may apply Proposition 6.3 and, after shrinking further if necessary, assume without loss of generality that U R /G has an open embedding ı into Q.
Next we claim that ψ(U ) contains an open subset of
However, this contradicts the definition of E.
We can thus assume that ψ maps U into U R /G. Furthermore, again owing to (⋄), we have π| U = ı • ψ| U . Consequently, the restriction of π to U is algebraic and hence extends to a rational map Π : X Q. Since Π| U = π is a priori holomorphic, we conclude that it is regular. This completes the proof of Theorem 7.1.
The following example shows that the completeness assumption is indeed necessary: Example 7.6. Let X = U = Q = C 2 and let ϕ be a non-algebraic, holomorphic automorphism of C 2 , cf. Example 6.6. Then, ϕ : U → Q is an analytic Hilbert quotient for the trivial group action. In the next section we prove a more general version of this result for the case of nonreduced schemes, cf. the proof of Proposition 8.2.
Categorical quotients. A G-invariant
Lemma 7.7. Let G be a complex reductive Lie group. Let X be a G-irreducible algebraic Gvariety and U ⊂ X a G-invariant Zariski-open subset such that the analytic Hilbert quotient π : U → U/ /G exists. Assume that U/ /G is a complete algebraic variety. Then we have
(π * O U ) G = O U//G ,
COHERENCE OF SHEAVES OF INVARIANTS
The aim of this section is to show the following result: Note that if π : X → Q is actually an algebraic Hilbert quotient, the statement follows from the fact that π is by definition an affine map, cf. Section 2 of [HH99] . Furthermore, recall that under the assumptions listed above π is a morphism of algebraic varieties (Theorem 7.1).
Theorem 8.1 (Coherence Theorem). Let G be a connected complex reductive Lie group. Let X be an irreducible algebraic G-variety with analytic Hilbert quotient π
8.1. Coherence for structure sheaves of closed subschemes. We will start by considering the following special case of the Coherence Theorem. 
) is an analytic Hilbert quotient, cf. Section 2.2. Since Q is a complete algebraic variety by assumption, (π(Z), H π(Z) ) is the complex space associated with the closed subscheme of Q that is given by the uniquely determined ideal subsheaf
. Since π * (I π(Z) ) ⊂ I Z , the quotient map π restricts to a morphism of algebraic schemes
, from which the coherence of (π * O Z ) G follows immediatly. Abusing notation, we denote π| Z as π in the following argument.
To show the claim, let U be a Zariski-open subset of π(Z). Clearly, since π is a morphism of algebraic schemes, the pullback 
it is also complete algebraic. As a consequence of GAGA, the meromorphic dunction F is (induced from) a rational function on π(Y). Furthermore, its restrictionf :=F| U to U is holomorphic, hence regular, i.e.,f
, and fulfills π * (f ) = f .
Coherence for general G-sheaves.
In the following proof of the Coherence Theorem we use a standard procedure (see e.g. [Has04, Lemma 3.1]) to reduce the general case of arbitrary coherent algebraic G-sheaves to the special case of structure sheaves of G-invariant subschemes already considered in the previous section.
Proof of Theorem 8.1. Aiming for a contradiction, suppose that there exists a coherent
There exists a coherent algebraic G-subsheaf G ′ of F ′ with the following properties:
As π ′ * (·) G is left-exact, we may assume that G ′ = 0 in the following, replacing F ′ by F ′ /G ′ , if necessary.
As (π ′ * F ′ ) G is not coherent, it is not the zero sheaf. Since Q ′ is affine, it follows that there exists an element a ∈ H 0 (X ′ , F ′ ) G \ {0}. The section a yields a G-equivariant sheaf morphism a :
If J denotes the kernel of a, and Z is the G-stable closed subscheme of X ′ defined by
With this notation, we obtain the following commutative diagram:
Let Z be the scheme-theoretic closure of Z in X.
G is a coherent algebraic sheaf on Q ′ . This contradicts ( †).
PROOF OF THE MAIN THEOREM
In this section, we prove Theorem 1.2, after a discussion of the local structure of the quotient map near generic closed orbits.
We recall the setup: let G be a complex reductive Lie group, let X be a G-irreducible normal algebraic G-variety, and let U ⊂ X be a G-invariant analytically Zariski-open subset of X such that the analytic Hilbert quotient π : U → U/ /G exists, and such that Q := U/ /G is a projective algebraic variety. Then, the Openess Theorem, Theorem 6.1, implies that U is Zariski-open in X, and we conclude from the Algebraicity Theorem, Theorem 7.1, and from Lemma 7.7 that the quotient map π is a categorical quotient. It remains to show that π is in fact an affine map. 
Proof. Since H is reductive, there exists a Zariski-locally closed H-invariant subvariety S of U such that the natural map ϕ : G × H S → U is locally biholomorphic at the point [e, p] ∈ G × H S, cf. the proof of Theorem 4.6 in [Gre08a] . Furthermore, shrinking S, we may assume that S is affine, and that ϕ(G × H S) is π-saturated in U. As a consequence, T := G × H S is an affine G-variety and hence, the algebraic Hilbert quotient T → T/ /G ∼ = S/ /H exists. In the following a saturated subset of T always refers to a subset that is saturated with respect to this algebraic Hilbert quotient.
The set E := {q ∈ T | ϕ is not étale at q} is a closed G-invariant subvariety of T. First substituting T by T \ S G (E), and then shrinking further, we may assume that ϕ is étale at every point of T, and, shrinking U, that ϕ is surjective onto U.
Applying the holomorphic Slice Theorem [Hei91, Section 6] at p yields that the principal orbit type of closed G-orbits in T coincides with the principal orbit type of closed orbits in U. Since the corresponding Luna stratum π −1 (Q princ ) in U is Zariski-open, again we can assume that all the isotropy groups of closed orbits in T and U are conjugate to H in G. This yields the subset W of U with the desired properties.
since G y and G q are both conjugate to H in G. This is a contradiction.
Again due to the fact that all stabiliser groups of closed orbits are conjugate, for every closed orbit q ∈ T, the restriction ϕ|
We may thus apply the slice theorem at any point q ∈ T with closed orbit G • q to obtain the open neighbourhood V of q with the desired properties.
Set Z := W × Q (T/ /G) and consider the regular map χ : T → Z, t → (ϕ(t), π T (t)).
Since locally over the quotient ϕ is an isomomorphism, χ is bijective. Let V ⊂ T/ /G be an open subset such that π
We have thus shown that χ is a bijective, everywhere locally biholomorphic, regular map and hence biregular.
Luna's slice theorem [Lun73] applied to the quotient π T : T → T/ /G together with Proposition 9.2 now yields the following result: Corollary 9.3. Let G, X, π : U → Q be as in Theorem 1.2. Then, the restriction of the quotient map to the maximal Luna stratum
as an algebraic étale locally trivial fibre bundle over Q princ with fibre the 
Proof of Theorem 1.2. In view of the discussion in Section 4, it suffices to show that for 
Again by GAGA, the morphism ν is induced by an injective morphism (π * F ) G ֒→ G of coherent algebraic sheaves, i.e., (π * F ) G is an algebraic subsheaf of G . By Lemma 9.5, there exists a Zariski-open subset W of Q such that π| π −1 (W) : π −1 (W) → W is an algebraic Hilbert quotient. From the GAGA Theorem for quotient morphisms [Nee89, Thm. 8] we deduce that
Next, we consider the exact sequence 0
It follows from exactness of the (·) h -functor and from the equality
By faithfulness of the (·) h -functor we conclude that
We conclude that the restriction of σ to π −1 (W) is an algebraic map, cf. Lemma 9.6. Since σ is a priori holomorphic, this implies that it is regular. This concludes the proof of Theorem 1.2.
Part III. Applications
ANALYTIC HILBERT QUOTIENTS AND GEOMETRIC INVARIANT THEORY
In general, it is a fundamental problem of Geometric Invariant Theory to find all open G-invariant subsets U of a given algebraic G-variety such that a quotient for the induced action on U exists and has certain prescribed properties. The main result of this section, Theorem 10.2, asserts that we do not obtain "more" quotients by considering projective analytic Hilbert quotients than by considering linearised Weil divisors in the sense of Hausen's generalisation of Mumford's GIT, which we recall below. Let K now denote a compact Lie group and G = K C its complexification. Then G is reductive. Let X be a reduced holomorphic G-space with K-invariant Kähler structure ω. We call X a Hamiltonian G-space, if the K-action is Hamiltonian with respect to ω. Given a Hamiltonian G-space with momentum map µ : X → k * , set
We call X(µ) the set of semistable points with respect to µ and the G-action. We collect the main results about Hamiltonian G-spaces in 3.) In [Gre08a] , an example of a non-algebraic, non-compact momentum map quotient of a smooth algebraic Hamiltonian C * -variety was constructed. Hence, there is no extension of the result above to the case of non-compact momentum map quotients.
4.) See [Gre08a] or [Gre09a] for basic properties and examples of 1-rational singularities. The class of complex spaces with 1-rational singularities is the natural class of singular varieties to which projectivity results for Kähler Moishezon manifolds generalise, cf. [Nam02] . Furthermore, it is also natural from the point of view of equivariant geometry, since it is stable under taking good quotients and analytic Hilbert quotients, see [Gre09a] and [Gre09b] .
5.) The assumption on the singularites of X is used in [Gre08a] to show that the quotient X(µ)/ /G is projective applying the results of Namikawa referred to above. It is necessary in order to obtain projectivity: by the example given below there exist (necessarily singular) non-projective, complete Kählerian algebraic varieties. These are momentum map quotients for the trivial group action.
In the following, we construct such an example of a Kählerian non-projective proper algebraic surface. While there exist quite a few constructions of non-projective proper algebraic varieties and Moishezon spaces, the author was not able to find a reference where the existence of Kähler structures on the resulting examples is discussed. In this sense the surface described below, which was first constructed by Schröer, is the first example of a Kählerian non-projective proper algebraic variety.
Example 11.3. Using the construction described in [Sch99, Sect. 2] one finds a nonprojective normal proper algebraic surface X having exactly two singular points x 1 , x 2 ∈ X and a resolution π : X → X with the following properties:
• X is a projective surface; in particular, X is in Fujiki class C ,
• the exceptional divisors E 1 and E 2 are smooth curves of genus one,
We claim that X is Kähler. According to the main result of [Fuj83] this follows as soon as we can show that the natural map ϕ :
Since π is proper, since both sheaves are supported on {x 1 , x 2 }, since dim R (R 1 π * R X ) x j = 2 and since ϕ is always injective, see [Fuj83, Prop. 6] , it suffices to show that for j = 1, 2 there exists a strictly pseudoconvex neighbourhood T j of E j in X such that
Note that this will show in particular that the singularities of X are not 1-rational. Since the problem is local, we will omit the subscript j in the following discussion. We may assume that X is a closed subset of C N and x = 0 ∈ C N . Intersecting a small ball centered at 0 with X and pulling back the resulting open (Stein) subset to X via π, we obtain a strictly pseudoconvex neighbourhood T of E in X. By a fundamental result of Grauert [Gra62, §4, Satz 1] there exists an m 0 ∈ N >0 such that for the m 0 -th infinitesimal neighbourhood m 0 E of E in X we have
where N * is dual of (the locally free sheaf associated with) the normal bundle N of E in X. Since the degree of N is negative, we have
. It follows from the long exact sequence of cohomology associated with (♠) that
Hence, we have shown that X is a Kählerian non-projective proper algebraic surface. 11.4. Momentum map quotients modulo semisimple groups. When studying the momentum geometry of a Hamiltonian G-space, especially via the gradient flow of the norm square of the momentum map, it is a common assumption that the restriction of the momentum map to a maximal torus is proper. Note that this is rather restrictive, as the discussion in [Gre08b, sect. 2.6] shows. In this section, we study the implications of the weaker hypothesis that the restricted momentum map has compact zero fibre.
We will frequently use the following notation: if X is a Hamiltonian K C -space with momentum map µ : X → k * , and M < K is any closed subgroup with Lie algebra m, Proof. The smallest complex subgroup of G containing T is isomorphic to the complexification T C of T, and is a maximal algebraic torus of G. We denote by N := N G (T C ) its normaliser in G, and note that N is isomorphic to the complexification of N K (T). 
Claim. X(µ) is a q-saturated subset of X(L, G).
Assuming the claim we are done since then the compactness of X(µ)/ /G observed above implies that X(L, G)/ /G = q(X(µ)), and hence that X(µ) = X(L, G). closed in X(L, G) . Then, the Hilbert Lemma (see e.g. [Hau04, Thm. 4.2]) asserts that there exists a g ∈ G such that T C • (g • x) ∩ X(L, G) ∩ G • y = ∅ contradicting the saturatedness of X(µ) in X(µ T ).
As a consequence of Theorem 11.5 we are now in the position to extend the main result of [HM01] to singular varieties in the case of semisimple group actions. 11.5. Momentum geometry versus GIT. Given an ample G-linearised line bundle L on a quasi-projective variety X, choosing a compatible Hermitian metric on L gives rise to a momentum map µ for a maximal compact subgroup K of G such that X(L, G) = X(µ). Hence, one might hope that every GIT-quotient of a (quasi-projective) algebraic G-variety is also a momentum map quotient. However, Białynicki-Birula and Swi ' ecicka [BBŚ89] have constructed a smooth projective algebraic (C * × C * )-variety X together with an invariant Zariski-open subset U such that a good quotient π : U → U/ /(C * × C * ) exists with projective algebraic quotient variety U/ /(C * × C * ) and such that there exists no ample linearised line bundle L on X with X ss (L) = U; see also [BH06, Ex. 6 .2]. Hence, the results of [HM01] mentioned in Remark 11.2 above imply that there exists no (S 1 × S 1 )-invariant Kähler form with momentum map µ on X such that X(µ) coincides with U. It follows that, given an algebraic G-variety, one can construct more open subsets with good quotient using Geometric Invariant Theory than using momentum geometry.
Note however that Theorem 1.1 above provides a way of constructing interesting Käh-ler structures (i.e., ones that do not arise as curvature forms of ample line bundles) on GIT-quotients of (quasi-projective) G-varieties. Furthermore, it indicates that it is interesting to study the variation of the induced Kähler structures, similar to the study of variation of GIT-quotients (e.g. see [DH98] , [Tha96] ), beyond the work of Fujiki [Fuj96] . APPENDIX A. THE PRINCIPAL LUNA STRATUM Here we prove Lemma 7.3 in two steps. Let us recall the setup: let G be a connected complex reductive Lie group, let X be an irreducible normal algebraic G-variety, and let U be a G-invariant Zariski-open subset of X such that the analytic Hilbert quotient π : U → Q exists. Assume that the quotient Q is projective algebraic. Let S := Q princ be the principal Luna stratum. Let W be a Sumihiro neighbourhood of a point x ∈ A and let ψ : W → P(V) be a G-equivariant embedding of W into the projective space associated with a rational G-representation V. Let Z be the closure of ψ(W) in P(V). Given a Rosenlicht subset U R of Z as in Proposition 3.1, Lemma 6.3 of [Gre08a] Proof. Without loss of generality, we can assume that X = U. Let X = m j=1 X j be the decomposition of X into irreducible components. Then there exists a j 0 ∈ {1, . . . , m} such that (H) is the principal orbit type for the action of G on X j . As a consequence, π −1 (S) ∩ X j 0 is analytically Zariski-open in X j 0 . Furthermore, by Lemma A.1, it contains a G-invariant Zariski-open subset V j 0 of X j 0 . Set X := X \ V j 0 \ j =j 0 X j . Then either X = X \ π −1 (S), or there exists a closed orbit in X with stabiliser H. In the first case, we are done, since X is algebraic in X. In the second case, we notice that X ss = X, that X ss / /G = π( X) ⊂ Q is projective algebraic, and that the existence of Sumihiro neighbourhoods is inherited by X. We thus proceed by Noetherian induction.
